
 

 

 
 

(34)  11.1 11.2   Calculus with parametric curves 
 

If        tan ߠ =      and        tan ߙ = ቚቚ 
 0 ≤ ߠ ≤ ߨ−  ߨ2 ≤ ߠ ≤  ߨ

 Q ߠ   Q ߠ ܾܽ > ߠ 1 0 =   ߙ
ܾܽ > ߠ 1 0 = ܾܽ ߙ < ߠ 2 0 = ߨ −   ߙ
ܾܽ < 0 ߠ 2 = ߨ − ܾܽ ߙ > ߠ 3 0 = ߨ +   ߙ
ܾܽ > ߠ 3 0 = ߨ− + ܾܽ ߙ < ߠ 4 0 = ߨ2 −   ߙ
ܾܽ > ߠ 4 0 =  ߙ−

 

 

Formula Example 

If   ݔ = ݂ሺݐሻ  ,   ݕ = gሺݐሻ If   ݔ = sin ݕ   ,  ݐ =  2ݐ

Then    ௗ௫ௗ௧ = ݂\ሺݐሻ       ,          ௗ௬݀ݐ = ݃\ሺݐሻ Then        ௗ௫ௗ௧ = cos ݐௗ௬݀          ,       ݐ =  ݐ2

OR     ݀ݔ = ݂\ሺݐሻ ݀ݕ݀     ,    ݐ = ݃\ሺݐሻ ݔ݀         OR ݐ݀ = cos ݐ ݕ݀     ,    ݐ݀  = ݐ2  ݐ݀

 

Formula Example ݀ݔ݀ݕ 
ݔ݀ݕ݀ = ݐ݀ݕ݀ ÷  ݐݔ݀݀

ݔ݀ݕ݀ = cosݐ2  ݐ

Slope of    the 
tangent at ݐ = ܽ 

݉ =  ቤ௧ୀݔ݀ݕ݀
Slope of 

tangent at ݐ =  ߨ
݉ = ฬ௧ୀగݔ݀ݕ݀ = 1−ߨ2 =  ߨ2−

The tangent is 
horizontal at 

ݐ݀ݕ݀ = ݐݔ݀݀   ݀݊ܣ  0 ≠ 0 
The 

tangent is 
horizontal

ݐݕ݀݀ = ݐ2 ݐ2 = ݐ        0 = 0 
 

The 
tangent is 
vertical at 

ݐ݀ݔ݀ = 0   The 
tangent is 
vertical 

ݐ݀ݔ݀ = cos cos ݐ ݐ = ݐ 0 = , 2ߨ 2ߨ3  
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݀ଶݔ݀ݕଶ 
݀ଶݔ݀ݕଶ = ݐ݀݀ ൬݀ݔ݀ݕ൰ ÷  ݐݔ݀݀

݀ଶݔ݀ݕଶ = ݐ݀݀ ൬݀ݔ݀ݕ൰ ÷ =          ݐݔ݀݀ ݐ݀݀ ൬ cosݐ2 ൰ݐ ÷ cos = ݐ ൬2 cos ݐ + ݐ2 sin cosଶݔ ݐ ൰ ∙ 1cos  ݐ
 

The curve 
is 

Concave 
upward 

If 

݀ଶݔ݀ݕଶ > 0 
Minimum 

Local 
Extrema 

ௗ௬ௗ௫ = 0  And   ௗమ௬ௗ௫మ > 0 

The curve 
is 

Concave 
downward  

If 

݀ଶݔ݀ݕଶ < 0 
Maximum 

Local 
Extrema 

ௗ௬ௗ௫ = 0   And   ௗమ௬ௗ௫మ < 0 

Inflection 
Point 

if 

݀ଶݔ݀ݕଶ = 0   Not's ௗ௬ௗ௫ = 0 if 

ݐ݀ݕ݀ = ݐݔ݀݀   ݀݊ܣ  0 ≠ 0 
 

 

Example 
ݔ  = ݂ሺݐሻ = ݐ − sin ݕ          ,         ݐ = ݃ሺݐሻ = 1 − ݁௧ 

 ∴ ݔ݀ = ሺ1 − cos ݕ݀        ,      ݐሻ݀ݐ =  ݐ݀ ݐ݁
 ∴ ௗ௫ௗ௧ = ሺ1 − cos         ,      ሻݐ

ௗ௬ௗ௧ =   ݐ݁
Area under the arc

ܣ  = න ݔ݀ݕ
            → ܣ         = න ݃ሺݐሻఉ

∝ ݂\ሺݐሻ݀ݐ 

Example ܣ = නሺ1 − ሻఉݐ݁
∝ ሺ1 − cos  ݐሻ݀ݐ

Arc Length  
ܮ   = න ඨ൬݀ݐ݀ݕ൰ଶ + ൬݀ݐ݀ݔ൰ଶ ఉݐ݀

∝  

 
Example  ܮ = න ඥሺ݁ݐሻଶ + ሺ1 − cos ఉݐሻ2݀ݐ

∝  

Surface  Area  
 ܵ = ߨ2 න ఉݕ

∝ ඨ൬݀ݐ݀ݕ൰ଶ + ൬݀ݐ݀ݔ൰ଶ  ݐ݀

 
Example ܵ = ߨ2 නሺ1 − ሻఉݐ݁

∝ ඥሺ݁ݐሻଶ + ሺ1 − cos  ݐሻ2݀ݐ

 

 
the Centroid   ݔ തതത = ܣ1 න ݕݔ ∙ ݐ݀ݔ݀ ఉݐ݀

∝  

തതതݕ  = ܣ12 න ଶݕ ∙ ݐ݀ݔ݀ ఉݐ݀
∝  
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ݔ ൌ 1
 

 
 
 
 
ൌ ݐ  ݕݔ ൌ ሺݕ ൌ ݔ
 

ݕ ൌ ݔ
ݔ    ൌ݀ݐ݀ݔ ൌ
൬݀ݐ݀ݔ൰൬݀ݐ݀ݕ൰൬݀ݐ݀ݕ൰
ܮ ൌ  
    ൌ  
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xample 
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 an arrow

1   ,         ݐ

ݔ െ 1        , ሺݔ െ 1ሻଶ െݔଶ െ ݔ2  1

ଶݔ െ ݔ6  5
ൌ sinିଵ ݁ି௧ ൌ െ݁ି௧√1െ݁ିଶ௧ଶ ൌ െ݁ିଶ௧1െ݁ିଶଶ ൌ 1݁ଶ௧ െ 1ଶ  ൬݀ݐ݀ݔ൰ଶ

න ඨ൬݀ݐ݀ݕ൰ଶఉ
ఈ√2 secିଵ

 ݐ
0 
1 
2 
3 
4 
5 

xample 
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݁௧൩

୪୬ ଵ ൌ  

ݕ ݔ
1 0
2 െ
3 െ
4 െ
5 0
6 9
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Vertic

ݐ ൌ ݐ4ߨ ൌ 54
 

HOS 

xample 
    Let the

    a.  Find

    b.  Find
            th
     c.  Fin

ݔ ൌ ݁௧ cos݀ݐ݀ݔ ൌ ݁௧ cos
tion of the ta  ݀ݔ݀ݕ ൌ ݐ݀ݕ݀ ൊ݀ݔ݀ݕฬ௧ୀగଶ ൌ ݁݁

గ ൌ ݁గଶ cos 2గଶߨ ൌ ݁గଶ sin 2ߨ

cal tangent 

4ߨ            → 4ߨ5             →    
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GHANEM

ݔ   ൌ ݁௧ c
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ts at which
lines are h
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 ݐ

sin ݐ  ݁௧ ccos ݐ െ ݁௧ s݁గଶ cos 2݁௧ߨ sin 2ߨ ൌ

ൌ 0 

1 ߙ  ൌ  4ߨ

ൌ ݁గସ cos 4ߨ
గସ ൌ ݁ହగସ cos

∴    ܸ. ܶ  
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ݐ ൌ 34          
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